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Abstract. This work deals with chaos suppression based on average of the rounded modes
to negative and positive infinite. The present procedure acts to reduce the rounding errors.
It was observed that when the method proposed in this paper is applied to the chaotic
Lorenz’s system, it exhibits a periodic behavior, characterized by a limit cycle and negative
largest Lyapunov exponent. We tested our approach using three discretization schemes
based on Runge-Kutta method.
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1 Introduction
Studies and research related to dynamic systems are usually conducted by computa-
tional analysis, which implies finite precision and the presence of error [18]. According
to the authors of [3], the use of computational arithmetic for the occurrence of scientific
computation and engineering is indispensable and many iterative numerical algorithms
can be considered dynamic systems. Generally, the algorithms are implemented in a finite
precision environment, based on IEEE 754-2008 standard of the floating point [16], which
implies generation of error along the computational processes [17].
Among the many dynamic systems studied in literature, the Lorenz model is certainly
one of the most well known. This model describes a meteorological system and it has been
investigated mostly by its chaotic behaviour. The connection between finite precision and
chaos may be done by the possibility of chaos control and chaos suppression. The former
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2describes a strategy to eliminate chaos by means of an attachment of an auxiliary system
which acts upon the system in order to stabilize in a desired state, for instance, a fixed
point or a cycle limit [6], while the latter may be reached by means of changes on the
discretization schemes or computer implementation without an external interference [5].
There are many works on these issues, such as [7], [8], [10], [11], [12], [13], [22], [21].
In this paper we present a new method to suppress chaos based on the average of round
modes to negative and positive infinite, which can be seen as a performance of filter as
proposed by [19]. The proposed method acts in reducing error due to the computational
rounding processes and to the finite precision. We use as paradigm the Lorenz’s system
and tested our approach using three discretization schemes based on Runge-Kutta method
of 3th, 4th and 5th order.
2 Methodology
Consider the following definitions.
Definition 1. An orbit is a sequence of values of a nonlinear dynamic system, represented
by xn = [x0,x1,...,xn] [20].
Definition 2. Let i ∈ N represents a pseudo-orbit, which is defined by an initial condition
and a combination of software and hardware. A pseudo-orbit is an approximation of an
orbit and can be represented as
{xˆi,n} = [xˆi,0,xˆi,1, . . . ,xˆi,n] (1)
such that,
| xn − xˆi,n |≤ ξi,n (2)
where ξi,n ∈ R is the limit of error and ξi,n ≥ 0 [20].
According to Definition 2., pseudo-orbits are approximations of true orbits, so such ap-
proximations incorporate uncertainties into the simulations of nonlinear dynamic systems.
Therefore, it is known that errors related to rounding processes and hardware limitations
are recurrent in simulations, in order to reduce ξi,n Silva et al., [19], proposed a filter type
based on the average of the rounded modes.
Preposition 1. Let xˆ−i,n and xˆ
+
i,n be the calculated pseudo-orbit value by round towards
positive infinite and round towards negative infinite, respectively. The arithmetic average
given by
xˆj,n =
xˆ+i,n + xˆ
−
i,n
2
(3)
is an alternative pseudo-orbit.
3Let Lorenz model be described by a set of three differential equations as show in
Equation 4, where σ and r are called Prandtl and Rayleigh numbers, respectively. The
state x represents the intensity of the convection movement, y is proportional to the
temperature variation between upstream and downstream currents and z is proportional
to the distortion of the vertical temperature profile [1].
x˙ = σ(y − x)
y˙ = x(ρ− z)− y
z˙ = xy − βz
(4)
Table 1: Values of initial conditions and the constants of time for Lorenz’s system.
Parameters Values
x0 0.06735
y0 1.8841
z0 15.7734
Integration step 10 ms
Time of simulation 100 s
Table 2: Features of Lorenz’s system.
Parameters Values
σ 7.6
r 65
b 5.3
The algorithms set forth in the Appendice for the Lorenz’s system were elaborated in
Matlab software. The initial condition, integration step and simulation time are shown
in Table 1, and other parameters in Table 2. Algorithm 1 represents the solution of
differential equations under Runge-Kutta method of 3, 4 and 5 order. In Algorithm 2, the
average of the rounded modes is performed and the Prepostion 1. is applied by means of
the Matlab function system dependent.
According to the conditions of Table 1 and Table 2, it is expected that the intensity
of convection movement to be chaotic, such behavior is verified in Figure 1a, Figure 1c
and Figure 1e. This solution is carried out by the classical system simulation method of
Runge-Kutta of fourth order, according to IEEE 754-2008 standard.
Using the proposed method, we obtain the solutions for each variable presented in
Figure 1b, Figure 1d and Figure 1f. The difference is clear and now the system performs
a periodic behaviour. The calculation of the largest Lyapunov exponent Kodba et al. [15]
by [4] has been performed and reinforces this evidence, showing that the Lorenz model
solved by the proposed method presents a periodical behaviour, as the Lyapunov exponent
is negative, as shown in Table 3.
Therefore, the results of the classical simulations for the three species of discretization,
4under IEEE 754-2008, are the result of a chaotic behavior. But, the solution using the
proposed method is periodic.
Figure 1: Intensity of the convection motion by iterations (a) Traditional simulation re-
alised by RK3 method. (b) Suppressed chaos method proposed in this paper under RK3
method. (c) Traditional simulation realised by RK4 method. (d) Suppressed chaos method
proposed in this paper under RK4 method. (e) Traditional simulation realised by RK5
method. (e) Suppressed chaos method proposed in this paper under RK5 method.
Table 3: The largest Lyapunov exponent of Lorenz system for both methodology.
Discretization Method Traditional Method Proposed Method
RK3 0.344215 -0.011370
RK4 0.087915 -0.001371
RK5 0.165580 -0.001362
3 Conclusion
This paper presented a new method to show chaos suppression based on the average of
rounding modes. We used three different discretization schemes to solve the Lorenz model.
Using an approach based on Runge-Kutta of third, fourth and fifth order, the simulations
exhibits the expected chaotic behaviour. On the other hand, if we take the average of
two rounding modes for each step, the model presents a periodical behaviour, proved by
5their negative Lyapunov exponent. This phenomenon has been already reported to Chua’s
circuit in a similar approach [23]. It is expected that the average could reduce the variance
of error. If so, why a lower variance noise result would present a periodical behaviour?
We believe that this deservers further investigation. As said [9], small neglected physical
effects on mathematical models, or even simple rounding errors, can be amplified over
time so that the predicted motion differs from real motion.
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4 Appendix
4.1 Algorithm 1
system dependent ( ’ setround ’ ,− I n f ) ;
ym=[0.06735 1 .8841 1 5 . 7 7 3 4 ] ;
system dependent ( ’ setround ’ , I n f ) ;
yp =[0.06735 1 .8841 1 5 . 7 7 3 4 ] ;
system dependent ( ’ setround ’ , 0 . 5 ) ;
y1=(ym+yp ) / 2 ;
ym=y1 ;
yp=y1 ;
t f =100;
h=1e−2;
tspan = 0 : h : t f ;
N=length ( tspan ) ;
f o r k=1:N−1
system dependent ( ’ setround ’ ,− I n f ) ;
aux = ode ( @lorenz , tspan ( k : k+1) ,ym(k , : ) , yp (k , : ) ) ;
ym( k+1 ,:)=aux ( 2 , : ) ;
system dependent ( ’ setround ’ , I n f ) ;
aux = ode ( @lorenz , tspan ( k : k+1) ,yp (k , : ) , ym(k , : ) ) ;
yp ( k+1 ,:)=aux ( 2 , : ) ;
end
f i g u r e ( )
p l o t (1 : 1000 ,ym( 1 : 1 0 0 0 , 1 ) , ’ k ’ , 1 : 1 0 0 0 ,
yp ( 1 : 1 0 0 0 , 1 ) , ’ k ’ , ’ Linewidth ’ , 5 )
l a b e l ( ’ I t e r a c o e s ’ )
y l a b e l ( ’ x Lorenz ’ )
s e t ( gcf , ’ PaperPosit ion ’ , [ 0 0 20 1 0 ] ) ;
s e t ( gcf , ’ PaperSize ’ , [ 50 1 0 ] ) ;
s e t ( gca , ’ FontSize ’ , 3 0 , ’ Fontname ’ , ’ Times New Roman ’ )
t i t l e ( ’ Lorenz ’ ) ;
6saveas ( gcf , ’ Lorenz ’ , ’ pdf ’ )
%b e t t e r p e r s p e c t i v e
view (−16 ,24)
g r id
saveas ( gcf , ’ Lorenz at rator ’ , ’ pdf ’ )
4.2 Algorithm 2
f unc t i on out = l o r e n z ( t , in , in2 )
%Recive the inputs :
x = in ( 1 ) ;
y = in ( 2 ) ;
z = in ( 3 ) ;
x2=in2 ( 1 ) ;
y2=in2 ( 2 ) ;
z2=in2 ( 3 ) ;
% The average o f two inputs :
system dependent ( ’ setround ’ , 0 . 5 ) ;
x=(x+x2 ) / 2 ;
system dependent ( ’ setround ’ , 0 . 5 ) ;
y=(y+y2 ) / 2 ;
system dependent ( ’ setround ’ , 0 . 5 ) ;
z=(z+z2 ) / 2 ;
% System parameters
sigma = 7 . 6 ; r = 65 ; b = 5 . 3 ;
% D i f e r e n t i a l equat ions
xdot = sigma ∗( y − x ) ;
ydot = x∗( r − z ) − y ;
zdot = x∗y − b∗z ;
out = [ xdot ydot zdot ] ’ ;
References
[1] E. N. Lorenz, Deterministic nonperiodic flow, Journal of the atmospheric sciences,
vol. 20, 130–141, (1963).
[2] L. B. Jackson, On the Interaction of Roundoff Noise and Dynamic Range in Digital
Filters, Bell System Technical Journal, vol. 49, 159-184, (1970).
[3] M. Vidyasagar, Instability of feedback systems, IEEE Transactions on Automatic
Control, vol. 22, 466-467, (1977).
[4] A. Wolf and J. B. Swift and H. L. Swinney, Determining Lyapunov Exponent from a
Time series, Phisica-D, vol. 16, 285–317, (1985).
[5] E. N. Lorenz, Computational Chaos - a Prelude to Computacional Instability, Physica
D, vol. 35, 299–317, (1989).
7[6] E. Ott and C. Grebogi and J. A. Yorke, Controlling chaos, Physical Review Letters,
vol. 64, 1196–1199, (1990).
[7] E. A. Jackson, Controls of dynamic flows with attractors, Physical Review A, vol. 44,
4839, (1991).
[8] G. Chen, Controlling Chua’s global unfolding circuit family, IEEE Transactions on
Circuits and Systems I: Fundamental Theory and Applications, vol. 40, 829–832,
(1993).
[9] R. M. Corles, What good are numerical simulations of chaotic dynamical systems?,
Computers & Mathematics with Applications, vol. 28, 107–121, (1994).
[10] H. Nijmeijer and H. Berghuis, On Lyapunov control of the Duffing equation, IEEE
Transactions on Circuits and Systems I: Fundamental theory and applications, vol.
42, 473–477, (1995).
[11] G. Chen, Control and synchronization of chaotic systems (a bibliography), ECE Dept,
Univ of Houston, TX (1997).
[12] H.Leung and J. Lam, Design of demodulator for the chaotic modulation communica-
tion system, IEEE Transactions on Circuits and Systems I: Fundamental Theory and
Applications, vol. 44, 262–267, (1997).
[13] R. Femat and J. Alvarez-Ramirez and B. Castillo-Toledo and J. Gonzalez, On robust
chaos suppression in a class of nondriven oscillators: application to the chua’s circuit,
IEEE Transactions on Circuits and Systems I: Fundamental Theory and Applications,
vol. 46, 1150–1152, (1999).
[14] E. Ott, Chaos in dynamical systems, Cambridge: Cambridge University Press, (2002).
[15] S. Kodba and M. Percand M. Marhl, Detecting chaos from a time series, European
Journal of Physics, vol.26, 205-215, (2005).
[16] IEEE. Institute of Electr. and Electr. Eng., 754-2008 - IEEE standard for floating-
point arithmetic, IEEE, (2008).
[17] E. G. Nepomuceno, Convergence of recursive functions on computers, The Journal of
Engineering, 1–3, (2014).
[18] Ladeira G. M. V and Lima G. V., AraA˜ojo C. A., Analysis of nonlinear dynamics using
electronic circuits, 3rd ABCM International Congress of Mechanical Engineering -
COBEM2015, (2015).
[19] M. R. Silva and E. G. Nepomuceno and G. F. V. Amaral and V. V. R. Silva, Sim-
ulation by means of interval analysis, International Conference on Nonlinear Science
and Complexity - 6th NSC, (2016).
8[20] E. G. Nepomuceno and S. A. M. Martins, A Lower Bound Error for Free-Run Simula-
tion of the Polynomial NARMAX, Systems Science & Control Engineering, 4(1):50-58,
(2016).
[21] J. H. Pe´rez-Cruz and E. A. Portilla-Flores and P. A. Nin˜o-Sua´rez and R. Rivera-
Blas, Design of a nonlinear controller and its intelligent optimization for exponential
synchronization of a new chaotic system, Optik-International Journal for Light and
Electron Optics, vol. 130, 201–212, (2017).
[22] K. Rajagopal and A. Karthikeyan and P. Duraisamy, Chaos Suppression in Frac-
tional order Permanent Magnet Synchronous Generator in Wind Turbine Systems,
Nonlinear Engineering, (2017).
[23] M. R. Silva and E. G. Nepomuceno and G. F. V. Amaral and V. V. R. Silva, Exploiting
the rounding mode of floating-point in the simulation of Chua’s circuit, Discontinuity,
Nonlinearity, and Complexity, (2017).
